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Abstract
The lowest-lying resonance in the QCD spectrum is the 0++ isoscalar σ meson, also known
as the f0(500). We augment SU(2) chiral perturbation theory (χPT) by including the σ meson
as an additional explicit degree of freedom, as proposed by Soto, Talavera, and Tarru´s and
others. In this effective field theory, denoted χPTS , the σ meson’s well-established mass and
decay width are not sufficient to properly renormalize its self energy. At O(p4) another low-
energy constant appears in the dressed σ-meson propagator; we adjust it so that the isoscalar
pion-pion scattering length is also reproduced. We compare the resulting amplitudes for the
pipi → pipi and γγ → pipi reactions to data from threshold through the energies at which the
σ-meson resonance affects observables. The leading-order (LO) pipi amplitude reproduces the
σ-meson pole position, the isoscalar pipi scattering lengths and pipi scattering and γγ → pipi data
up to
√
s ≈ 0.5 GeV. It also yields a γγ → pipi amplitude that obeys the Ward identity. The
value obtained for the pi0 polarizability is, however, only slightly larger than that obtained in
standard χPT.
1 Introduction
The spectrum of Quantum Chromodynamics (QCD) consists of several bound and resonant states
with masses below 1 GeV. The lightest QCD bound states are the pseudoscalar pions, which
have a special role in the theory as pseudo-Nambu-Goldstone bosons of QCD’s approximate,
spontaneously-broken, chiral symmetry. The lowest-lying QCD resonance has 0++ quantum num-
bers: the same as those of the vacuum. This state, often termed the “σ meson”, and also referred to
as the f0(500), is (slightly) manifested in pion-pion scattering [1]. It has attracted much attention
over many years—indeed the suggestion that the meson spectrum contains a somewhat light scalar
pre-dates QCD itself [2, 3]. We do not review that history further here, but instead refer to Ref. [1]
for a summary and further references.
Determinations of σ-meson parameters rely on an extrapolation of the pipi scattering amplitude
into the complex plane: one must obtain its mass, Mσ, and width, Γ, from the position in the
complex energy plane at which a pole in the pipi t-matrix occurs. From 1996–2010 the Particle
Data Group (PDG) [4] results for the mass and decay width ranged from 400 to 1200 MeV and
from 500 to 1000 MeV, respectively. These wide variations occurred because obtaining the mass,
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decay width, and couplings of this resonance is difficult: the resonance is very broad and can
hardly be seen in the pipi scattering phase shifts. The standard Breit-Wigner formulation for narrow
resonances is definitely not applicable in this case. The last fifteen years has seen the advent of
dispersion-relation evaluations that incorporate the constraints of chiral symmetry and—in some
cases—crossing symmetry too [5, 6, 7, 8]. The results of these calculations largely agree, and the
2015 review of Pela´ez quotes a σ-meson pole position [1]:
√
s = Mσ − iΓ/2; Mσ = (449+22−16) MeV; Γ = (550± 24) MeV. (1)
This result implies that QCD’s spectrum includes a scalar isosinglet state at low mass. That is
in accord with a recent lattice QCD calculation by Bricen˜o and collaborators [9]. They find that at
pion masses mpi ≈ 400 MeV the σ is a pipi bound state, but, as the quark mass in their simulation is
lowered (ultimately to a smallest value of mpi = 236 MeV), this state becomes a broad resonance.
The pole position (1) is markedly lower than the scale of chiral-symmetry breaking, ΛχSB, which
is usually understood to be the rho-meson mass, or 4piF , with F = 92.419 MeV the pion decay
constant. It is also comparable to the kaon mass. This has led some authors to propose that the
σ is itself a (pseudo-)Goldstone boson of QCD. Crewther and Tunstall developed an effective field
theory (EFT) based on the postulated existence of a non-perturbative infra-red fixed point in the
flow of the strong coupling constant αS in three-flavor QCD, and the consequent emergence of a
QCD dilation which they identified with the σ [10]. The resulting “chiral-scale perturbation theory”
includes as dynamical degrees of freedom the eight Goldstone bosons of SU(3) chiral perturbation
theory and the σ. In fact, for a sufficiently large number of flavors, Nf , QCD can be expected to
develop an infra-red fixed point and hence a conformal symmetry at long distances. Recent lattice
studies with Nf = 8 support this expectation [11, 12]. However, in such a theory there is neither
confinement nor chiral-symmetry breaking. Golterman and Shamir examined an extension of QCD
with Nf large enough that the theory is on the verge of developing an infra-red fixed point, but
not so large that the theory ceases to display confinement and chiral symmetry breaking. They
conjectured that dilatation symmetry is recovered in a triple limit: the chiral limit of massless
quarks, the large-Nc limit (with Nf/Nc held fixed), and the limit that the number of flavors
approaches the critical value for conformality. They then developed a low-energy EFT for the
pions and the dilatonic meson by making an expansion in the three small parameters associated
with these different aspects of conformal symmetry breaking [13] (cf. the more recent Ref. [14]).
However, it is not necessary to assume that the σ is an (approximate) QCD dilaton in order
to include it as an explicit degree of freedom in the low-energy EFT. After all, that |Mσ − iΓ/2|
is well below ΛχSB is an empirical fact. This 0
++ resonance can therefore be expected to spoil
the convergence of any perturbative expansion in channels where it plays a role (cf. Ref. [15]
for lattice studies of QCD-like theories where this clearly happens). This motivates augmenting
standard chiral perturbation theory by the addition of a σ field, whose mass is midway between
the pseduo-Goldstone-boson mass scale, mpi, and ΛχSB. The resulting EFT has a (spontaneously
and dynamically broken) SU(2)L × SU(2)R symmetry. It was written down by Soto, Talavera,
and Tarru´s in Ref. [16], who called it χPTS . χPTS has also been explored by Ametller and
Talavera [17, 18] and Hansen et al. [19]. The price to be paid for not having the σ be a Goldstone
boson of a QCD symmetry is that its couplings must be fixed from data: only a few are constrained
by the chiral symmetry of the EFT. In contrast, in the approaches discussed in the previous
paragraph many of the σ’s couplings are fixed. However, whether those symmetry relations prevail
in nature is unclear as the connection between the version of QCD we observe experimentally and
the ones considered by Golterman and Shamir and Crewther and Tunstall could be regarded as
tenuous.
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Of course, the σ was already included—together with the pions—as an explicit degree of freedom
in the linear σ model of Gell-Mann and Levy [20]. This model reproduces many of the features of
QCD’s low-energy dynamics in the 0++ channel, see, e.g., Refs. [21, 22], but it is a model, rather
than a systematic EFT. χPTS is a low-energy EFT that includes as explicit degrees of freedom the
pions and a scalar. It includes a systematic expansion in a small parameter, with the Lagranian
incorporating all possible operators up to a given order in that expansion. The generality of the
Lagrangian means that the linear σ model can be recovered as a special case of χPTS , as explained
by Soto et al. [16] and Hansen et al. [19]. Specifically, χPTS does not assume that there is a LO
relation between Mσ and F , or (equivalently) a pre-determined value of the σpipi coupling; since
it is an EFT, χPTS makes no assumptions about the nature of the physics that generates chiral
symmetry breaking at the scale ΛχSB.
In this paper we examine the reactions pipi → pipi and γγ → pipi, both of which couple to the
0++ channel in the s-channel, and both of which exhibit slow convergence when investigated in
standard, two-flavor, χPT. We compare those standard χPT calculations at leading [O(p2)] order to
χPTS at LO: the theory with the additional scalar isoscalar degree of freedom intercalates between
χPT at O(p2) and χPT at O(p4). We demonstrate that χPTS naturally includes a σ meson with
a large width that is, nonetheless, not prominent in the pipi S-wave phase shift.
Our emphasis on scattering processes takes us beyond the static properties considered in Ref. [16,
19]. The main goal in Ref. [16] was to improve extrapolations of lattice data as a function of mpi
for quantities that couple to vacuum quantum numbers. (See also the more recent Ref. [23].) Both
Refs. [16, 19] computed the corrections to the pion mass and decay constant, as well as the one-loop
piece of the σ mass (and hence the leading contribution to the σ width) in χPTS .
The γγ → pipi reaction and the pion vector form factor were considered by Ametller and Talavera
in Ref. [17, 18]. But, as we discuss further below, they (implicitly) had a different σpipi coupling
governing the width of the σ and its decay to two pions. This allowed Ametller and Talavera to
accommodate the weak impact of the σ on the γγ → pipi cross section, yet also incorporate a σ
with a large width in their theory. But such a treatment is both inconsistent and unnecessary: we
will show below that a proper treatment of the reaction in χPTS obeys the Ward identity and does
not require this inconsistency in the pipi amplitude.
Our approach also differs from these previous works in that we employ a power counting with
two light scales: mpi and Mσ. The resulting hierarchy on which the EFT is built is then mpi 
Mσ  ΛχSB. A particular virtue of this hierarchy is that the loop effects that generate the σ
width in the s-channel are perturbative for values of Mandelstam s that are ∼ m2pi, i.e., within
the purview of the EFT but not close to M2σ . However, for s ∼ M2σ the infra-red singularity in
the (nominal) LO σ propagator mandates the resummation of the one-loop self energy, thereby
generating a width for the resonance. For the processes that we consider it is always the case that
the σ pole in the t- and u-channels is far away, so t- and u-channel σ exchanges are higher order
in the χPTS expansion. Thus the LO amplitude in our approach consists of the standard χPT
O(p2) interaction plus an s-channel σ pole that is enhanced near the resonance so it becomes O(p0).
(Away from s ∼ M2σ the s-channel pole is O(p4/M2σ).) This LO amplitude does violate crossing
symmetry, but it does so only by corrections that are perturbative both for s ∼ M2σ and in the
near- and sub-threshold region where s ∼ m2pi. This same three-scale strategy has been successfully
employed for the ∆(1232) resonance in the low-energy EFT of the single-baryon sector [24, 25, 26].
The rest of this paper is structured as follows: in Sec. 2 we review the Lagrangian developed
in Ref. [16] (or, equivalently, the later Ref. [19]), and explain the power counting we use in this
paper. In Sec. 3 we calculate the σ propagator at O(p4). In Sec. 4 we employ this propagator,
together with the standard mechanisms of χPT at O(p2), to describe pipi scattering. In Sec. 5 we
consider γγ → pipi. We first discuss the Ward identity for this reaction, and also explain why it
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is important to have a consistent treatment of the σ width and the σ → pipi vertex—something
that was not achieved in Ref. [17, 18]. We then show that the good description of phase shifts in
Sec. 4 carries over to a nice reproduction of the γγ → pi0pi0 cross section up to √s ≈ 600 MeV.
However, the relatively weak impact of the σ meson in this process also means it produces only
a small increase in the pion’s dipole polarizability. This is in contrast to, e.g., the Roy equation
approach of Ref. [27] where the σ pole accounts for about half of the difference between the O(p4)
and O(p6) numbers for the pi0’s dipole polarizability. Sec. 6 offers our conclusions.
2 The Lagrangian and Power counting
In Ref. [16] Soto et al. modified the χPT Lagrangian—which is approximately invariant under
SU(2)L × SU(2)R transformations—to χPTS by including the terms containing an isosinglet scalar
σ field S. (See also Ref. [28] for a chirally-symmetric Lagrangian that incorporates an explicit scalar
degree of freedom.) S is then a dynamical degree of freedom that is in addition to the matrix U
that parameterizes the Goldstone boson fields in standard SU(2) χPT [29, 30, 31]. In the notation
of Ref. [16] the terms in the effective Lagrangian that are relevant for this study are:
LS2 =
(
F 2
4
+ Fc1dS + c2dS
2 + · · ·
)
〈DµU(DµU)†〉+
(
F 2
4
+ c1mS + c2mS
2 + . . .
)
〈χU † + Uχ†〉
+
1
2
∂µS∂
µS − 1
2
m2SSS − f2p(∂µ∂µS)2 −
λ3
3!
S3 − λ4
4!
S4 , (2)
where c1d, c2d, c1m, c2m, and f2p are new low-energy constants (LECs) in the O(p2) Lagrangian.
In Eq. (2), DµU = ∂µU − i[vµ, U ] + i{aµ, U} is the chiral covariant derivative, χ represents a scalar
source (and hence is where quark masses enter the theory) and the symbol 〈· · · 〉 is the isospin trace
of the matrix within it. The terms on the second line are the Lagrangian of the scalar S field with
bare mass mS . This Lagrangian, unlike the typical L for scalar fields, contains an additional fourth-
order term which is Lorentz invariant. Although this term appears only in the O(p4) Lagrangian
it is needed for proper renormalization of the σ-meson self energy. In the absence of this term, the
σ couples strongly to two pions, causing the bumps in the pipi → pipi and γγ → pipi processes to be
very pronounced—something that is not seen in data.
The LEC c1m must be zero at tree level (and must be additionally tuned at loop level) to stop
the scalar field S mixing with the vacuum [16]. Soto et al. also take λ3 = λ4 = 0, in order to
implement the (presumed) triviality of strongly-coupled scalar field theories in four dimensions in
the EFT. Once the scalar is coupled to Goldstone bosons (e.g., through the couplings c1d, c2d, and
c2m) values of λ3 and λ4 of O(m2S/ΛχSB) and O(m2S/Λ2χSB) will be induced through renormalization
of pion-loop contributions to the three- and four-scalar correlation functions. This, however, only
affects Goldstone-boson reactions beyond the order to which we work here.
In χPTS we consider two different energy regions of interest. In the near-threshold region we
have p ∼ mpi and the standard χPT power counting: each vertex with n powers of momentum p
or mpi scales as p
n and the pion propagator scales as p−2. In this regime the σ propagator scales
as m−2S , since p is markedly less than mS . It therefore produces larger threshold effects than the
χPT counter terms at O(p4), since mS is taken to be  ΛχSB.
But the effects of the σ are enhanced—to an effect that is nominally larger than theO(p2) leading
χPT pipi amplitude—in the second regime where p ∼ mS , i.e., in the vicinity of the resonance. Here
the σ propagator develops a pole. It then needs to be dressed by the inclusion of the leading [O(p4)]
self energy, Σ, which is resumed to all orders in the s-channel via a Dyson equation. The inclusion of
f2p as part of this self energy is mandatory for proper renormalization, which is why this particular
4
p4 operator is relevant in our leading-order study. The renormalized Σ ensures that the σ develops
a pole at the physical mass and width. There is then a (in principle narrow) kinematic window
where the p2 −M2σ piece of the inverse σ propagator is of the same order, or smaller than, the
O(p4) self energy. In this kinematic window the resumed σ propagator scales as p−4, is enhanced,
and becomes a leading-order effect.
We note that in this second, near-resonance, kinematic domain, vertices proportional to m2pi are
suppressed compared to vertices proportional to p2. For example, the effect of c2m in this region is
suppressed by factors of m2pi/M
2
σ compared to corrections to the propagator proportional to s. For
this reason, in what follows, we do not consider pieces of the σ self energy that involve two vertices
each ∼ m2pi. The details of the renormalization of the one-loop σ self energy by terms involving
two insertions of the chiral-symmetry-breaking quantity χ that were worked out in Ref. [16] are a
higher-order effect in our approach.
3 Calculation of the σ-meson self energy
Figure 1: The self-energy diagrams of the σ meson at the one-pion-loop level, i.e. O(p4). The solid
(dashed) line represents the σ(pi) propagator. The squares indicate that the interaction appears
due to the terms containing the S field in the LS2 Lagrangian. The left-hand diagram involves two
insertions of c1d and the right-hand one one insertion of c2d or c2m.
We now perform calculation of the σ-meson self energy to O(p4). Only one-loop diagrams need
to be considered and the pertinent ones are shown in Fig. 1. We can express the σ self energy in
the modified minimal-subtraction (MS) renormalization scheme as
ΣMS(s, µ) = Σ0(µ) + Σ1(µ)s+ Σ2(µ)s
2 + c21d(µ)Σ˜(s) , (3)
with
Σ0(µ) = − 3m
4
pi
2pi2F 2
[
c21d
{
2 + 3 lnµ2
}
+ (c2d − c2m)
{
1 + lnµ2 − lnm2pi
}]
,
Σ1(µ) = − 3c
2
1d
2pi2F 2
∫ 1
0
dx
[
− 2x(1− x)m2pi
{
2 + 3 lnµ2
}
+
{
1
4
(1− 2x)2 − 2x(1− x)
}
(−m2pi)
{
− 1− 2 lnµ2)
}]
,
Σ2(µ) = − 3c
2
1d
2pi2F 2
∫ 1
0
dx
[
x2(1− x)2
{
2 + 3 lnµ2
}
+
{
1
4
(1− 2x)2 − 2x(1− x)
}
x(1− x)
{
− 1− 2 lnµ2
}
+ x2(1− x)2 lnµ2
]
,
Σ˜(s) = − 3
2pi2F 2
∫ 1
0
dx
[
3D2 − 2
{
1
4
(1− 2x)2 − 2x(1− x)
}
sD + x2(1− x)2s2
]
(− ln(−D)) ,
(4)
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where µ is a renormalization scale and D = x(1− x)s−m2pi + i.
In Eq. (4), Σ0, Σ1, and Σ2 are µ-dependent whereas Σ˜(s) is independent of µ. When Eq. (3)
is combined with bare propagators and vertices the Σ0(µ)-term is renormalized by m
2
S(µ) and the
term linear in s by c21d(µ). However, the left-hand graph in Fig. 1 is quartically divergent, and so
there is also an s2 ln(µ) piece of the diagram that must be absorbed by a counterterm. This is done
by f2p(µ). We then express the dressed renormalized σ propagator as
iD(s) =
i
s−m2S,r − 2f2p,rs2 − c21d,rΣ˜(s)
, (5)
where the quantities with subscripts r are the µ-independent renormalized quantities. We note
that Bruns has also recently computed the σ-meson self energy, and observed the presence of the
s2 ln(µ) term that we found here [23]. However, he then expands the propagator around the pole,
and argues that the quadratic-in-s part is irrelevant for his results. In what follows we keep f2p,r
as a free parameter in our calculation.
Equation (5) shows that there are three unknown parameters—mS,r, f2p,r, and c1d,r—that
affect the σ-meson physics in χPTS . Two constraints on them are obtained by demanding that the
quadratic s-dependence ∼ f2p,r and the s-dependence of Σ˜(s) in Eq. (5) ultimately produce a pole
at the position (1):
M2σ −
Γ2
4
−m2S,r − 2f2p,r
(
M4σ − 6M2σ
Γ2
4
+
Γ4
16
)
+ c21d,r<[Σ˜([Mσ − iΓ/2]2)] = 0 ,
MσΓ + 2f2p,r
(
4Mσ
Γ3
8
− 4M3σ
Γ
2
)
− c21d,r=[Σ˜([Mσ − iΓ/2]2)] = 0 , (6)
where < and = denote the real and imaginary parts of Σ˜. Note that the pole is not at s = m2S,r.
The third constraint results from demanding that the LO amplitude reproduce the experimental
pion-pion scattering length in the scalar-isoscalar channel, a00=0.2210(47)(40) m
−1
pi [32]. (For details
on obtaining the pipi amplitude that yields this scattering length from the propagator (5) see Sec. 4
below.) Here, and throughout, we take F = 92.419 MeV and mpi = 139.57 MeV [4]. The values of
mS,r, f2p,r, and c1d,r that we then obtain are
mS,r = 221
+5
−4 MeV; c1d,r = 0.206
+0.001
−0.002; f2p,r = (3.4
+0.01
−0.02)× 10−6 MeV−2. (7)
These are the χPTS parameters for the particular set of renormalization conditions we chose for
the leading-order amplitude: other choices of renormalization condition are certainly possible.
The errors in Eq. (7) result solely from propagation of the uncertainties in the data, and do
not account for the impact that higher-order corrections might have on these parameters. While
the pole position will not change, the determination of c1d,r could be affected by the appearance of
other σpipi couplings at higher orders in the EFT expansion, e.g., those proportional to the quark
mass. This, in turn, will alter the balance between the different terms in the denominator of Eq. (5)
and hence the values of f2p,r and mS,r. Moreover, the values of c1d,r, mS,r, and f2p,r obtained at
higher order will also change as new graphs enter the pipi scattering amplitude. Some of these
higher-order contributions are discussed in Sec. 4 below. However, the parametric suppression of
higher-order corrections in χPTS implies that the determination (7) should be accurate up to a
relative error ∼M2σ/Λ2χSB. This should also be the largest possible size of the shift in the numbers
if different renormalization conditions are employed.
Two points must be noted in comparing our results to those of Soto et al. in Ref. [16]. First,
Soto et al. pointed out the need for renormalization of the one-loop σ self energy, but they set the
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finite part of f2p to zero. (This is ultimately equivalent to Bruns removing the s
2 piece from the
propagator he considers [23].) We find a non-zero, but natural, value: f2p,r ∼ 1/Λ2χSB.
Second, our analytic result for the self energy Σ˜ agrees with that found in Ref. [16]. However,
Soto et al. took
Γ
2
=
c21d,r
Mσ
=Σ˜(M2σ). (8)
The key difference to our Eq. (6) is that this relation between the width and self energy includes
an incorrect factor of two in the denominator on the left-hand side. It is true that Soto et al. also
evaluated the self energy for real s to obtain their width, i.e., they treated Γ as a perturbative
correction to the LO mass. They also, as already noted, took f2p,r = 0. However, both of these are
consistent with our result (6) in appropriate limits. This factor of two in Eq. (8) is not. Our result
for Γ in the same limit that Soto et al. considered is:
Γ =
3c21d,r
8piF 2Mσ
√
1− 4m
2
pi
M2σ
(M2σ − 2m2pi)2, (9)
although we stress that this is not the width we evaluate since we solve Eq. (6) for complex values
of s on the second Riemann sheet. Hansen et al. state they reproduce the result of Soto et al.
for the σ width in a particular limit of their (more general) calculation. Consequently the analytic
formula (9) is also a factor of two smaller than that of Ref. [19].
Indeed, if we adopt the same strategy as Ref. [16, 23] and set f2p,r = 0 then we need to chose
c1d,r = 0.96 in order to reproduce the σ width, i.e. c1d,r is a factor of
√
2 larger than that employed
by Soto et al., because our analytic expression for the width is a factor of two smaller. However,
the introduction of a finite f2p,r ultimately permits a markedly smaller c1d,r to yield the observed
width.
4 S-wave pion-pion scattering at leading order in χPTS
We now investigate the pipi → pipi scattering process in χPTS from threshold through the energies
at which the σ-resonance affects the phase shifts.
Consider the diagrams (i)-(iv) of Fig. 2. The thick line indicates that we have resummed the
σ self energy and so are employing the propagator (5) in all three diagrams. However, diagrams
(iii) and (iv) are formally next-to-leading order (NLO): the power counting assigns them an order
p4/M2σ , where p ∼ mpi in the threshold region and p ∼Mσ in the resonance region.
In contrast, the LO mechanisms are diagram (ii)—the tree-level χPT pipi scattering amplitude—
near threshold, where it is O(p2), and diagram (i)—the s-channel σ pole—in the resonance region,
where it is O(p0). By combining diagrams (i) and (ii) we obtain an amplitude that is LO in both
the threshold and resonance regions, and interpolates smoothly between the two.
The isospin I=0 projected pion-pion scattering amplitude at LO is then
T I=0(s, t, u) =
1
F 2
(
3(s−m2pi) + (t−m2pi) + (u−m2pi)−
12c21d,r(s− 2m2pi)2
s−m2S,r − 2f2p,rs2 − c21d,rΣ˜(s)
)
. (10)
This amplitude is only perturbatively unitary: diagram (i) is unitary on its own, but no loop effects
associated with diagram (ii) are included in our LO calculation, they enter only at O(p4/Λ2χSB) in
the chiral expansion, see also the discussion of the breakdown of this EFT below. Given this, we
must use the first-order relation between the S-wave pipi phase shift δ00 and T
I=0 [33]:
δ00 =
|k|
32pi
√
s
∫ 1
−1
d(cos θ) <[T I=0(s, cos θ)] , (11)
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Figure 2: Tree-level diagrams contributing to pipi scattering in χPTS : (i) s-channel, (ii) contact
term, (iii) t-channel, and (iv) u-channel. The triangle represents the interaction from the standard
χPT L2 Lagrangian. The thick solid line indicates the dressed σ propagator of Eq. (5). The first
two diagrams form the LO amplitude in our calculation, while the other two are part of the NLO
amplitude.
where |k|=√s− 4m2pi/2 represents the magnitude of the center-of-mass (CM) momentum and θ
the CM scattering angle. The isoscalar pipi scattering length is then defined by:
a00 = lim|k|→0
δ00
|k| . (12)
It is conventional to quote the pipi scattering lengths in units of m−1pi .
280 300 320 340 360 380 400
0.0
0.1
0.2
0.3
s (MeV)
δ 00 (rad
)
■
■ ■
■ ■ ■ ■■■■
■■ ■ ■ ■ ■
300 400 500 600 700 800
0.0
0.5
1.0
1.5
s (MeV)
δ 00 (rad
)
Figure 3: The pipi scattering phase shift as a function of the CM energy. In the left panel we show
the results immediately above threshold, while the right panel shows the result up to
√
s = 870
MeV. In both panels the dashed purple line represents the standard χPT result and the dashed-
dotted blue line is the combined result of diagrams (i) and (ii). This is to be compared to the red
circles (black squares) that represent the data from Ref. [32] (Ref. [34]). The solid green and brown
curves are results from the dispersive analyses of Refs. [6, 35] respectively. The green shaded band
is a parameterization of the error reported in Ref. [6].
Figure 3 shows the standard LO χPT [O(p2)] result in the dashed purple curve and the total
LO χPTS phase shift in the dashed-dotted blue curve. We find that the contributions from the
σ-meson physics are generally smaller than the O(p2) χPT result. Thus, although the s-channel
σ-meson pole exists, it only affects the total pipi phase shift weakly. In Fig. 3 we also compare
our LO result to the dispersive/Roy-equation analyses from Refs. [6, 35] (solid green and brown
curves). And we display pipi phase-shift data. The left panel emphasizes the lower-energy range,
where data (red circles) were obtained by analyzing the pipi scattering in the final-state interactions
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between pions in the Ke4 decay K
± → pi±pi∓e±ν [32]. The description of these near-threshold data
is very good—especially considering this is only a LO calculation. The addition of the s-channel
σ-meson pole is enough to ameliorate the discrepancy between the O(p2) χPT result and the data.
In the right panel we compare to data (black squares) in the energy range above 500 MeV
from Ref. [34], obtained from analysis of the reactions pi+p → pi+pi−∆++ and pi+p → K+K−∆++.
Adding the s-channel σ brings the total phase shift closer to these data, although there is somewhat
of a difference in the curvature at higher energies between the data and the LO χPTS amplitude.
This difference is clear if one compares the dispersive results for δ00 to our calculation.
One might be concerned that the improved agreement in the threshold region comes at the
cost of diminished performance for the I = 2 pipi scattering length aI=2pipi , where χPT’s tree-level
prediction is in remarkable agreement with the experimental data. However, since the σ-meson
propagator only enters the LO amplitude in the s-channel it actually has no impact on the I = 2
phase shift, and the χPT LO result for a20 is preserved in this LO χPTS calculation. The t− and
u-channel σ-meson poles are part of the NLO χPTS pipi amplitude. Together with other NLO
effects they will produce a small shift in the constants (7), as already discussed in general terms in
Sec. 3.
We now discuss higher-order effects like these graphs. We will see that some NLO pieces of the
amplitude have particular impact at the higher energies shown in the right panel of Fig. 3. Unlike
the standard χPT amplitude, Eq. (10) does not respect crossing symmetry—even before the isospin
projection is made. The NLO graphs (iii) and (iv), with a dressed σ propagator, restore crossing
symmetry. The additional amplitude in the I = 0 channel is:
∆T I=0(s, t, u) = −4 c
2
1d,r
F 2
(
(t− 2m2pi)2
t−m2S,r − 2f2p,rt2 − c21d,rΣ˜(t)
+
(u− 2m2pi)2
u−m2S,r − 2f2p,ru2 − c21d,rΣ˜(u)
)
.
(13)
300 400 500 600 700 800
0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
s (MeV)
δ 00 (rad
)
Figure 4: The pipi scattering phase shift due to graphs involving σ-meson exchange at tree level.
The dashed red (dotted cyan) line represents the s- (t- and u-) channel contribution.
In Fig. 4, we plot the pipi scattering phase shift as predicted by the σ-meson part of the amplitude
of Eqs. (10) and (13). The plot shows the s-channel σ contribution, the last term in Eq. (10), as
the dashed red curve, and the combined t- and u-channel contributions, Eq. (13) as the dotted cyan
curve. Both these curves level off as a function of the CM energy—due to the 1/q4 behavior of
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the σ propagator at large momenta. This calculation shows that the t- and u-channel σ-pole have
a markedly smaller effect on the I = 0 S-wave phase shift than does the s-channel σ-pole. The
relative size of these effects is consistent with our assignment of these graphs to the NLO piece of
the χPTS amplitude. We therefore sacrifice crossing symmetry in order to have our EFT encode
the hierarchy of σ-meson mechanisms for s between 4m2pi and ∼M2σ .
As already observed, our amplitude violates unitarity. Since the standard χPT O(p2) amplitude
is the largest piece of the S-wave phase shift it drives this violation. It violates the simplest
consequence of unitarity already for
√
s slightly below 700 MeV [36]. Of course, unitarity is restored
order-by-order in the χPT expansion, so these defects are somewhat remedied by loop graphs at
O(p4), but those are not included here. This calculation is thus certainly limited in scope to√
s < 700 MeV, even though we show a wider range here. At higher orders in the theory it may
be possible to describe data all the way up to
√
s of order the rho-meson mass. However, the size
of the phase shift for
√
s ≥ 600 MeV implies that the O(p4) χPT amplitude will already produce
marked corrections to the LO result in that region, so the LO calculation we have done here cannot
be trusted beyond
√
s = 600 MeV.
Finally, we comment on the role of the ρ(770) in our approach. We have elevated the σ to the
status of a dynamical field, but continued to integrate the ρ out and incorporate its effects through
O(p4) contact interactions. Those effects could, in principle, affect the I = 0 and I = 2 scattering
lengths at NLO through the combination of LECs l¯1 + 2l¯2. However, in the resonance-saturation
approach of Ref. [28] the tree-level contribution of the ρ to l¯1 + 2l¯2 equals zero.
5 γγ → pi0pi0 scattering cross section in χPTS
Figure 5: The leading-order diagrams for the process γγ → pi0pi0 in χPTS . The upper four
correspond to standard χPT while the lower four appear additionally in χPTS . The wavy lines are
photons. The direction of time is to the right.
There are no O(p2) (tree-level) contributions to the reaction γγ → pi0pi0. Note also that the σ
is not charged, so minimal substitution does not generate any tree-level couplings between it and
photons. This process therefore must involve pion-loop contributions, and in χPTS these come in
two varieties: diagrams with a σ pole and diagrams without such a pole.
The top line of Fig. 5 shows the O(p4) contributions to the process γγ → pi0pi0 of the first type.
These are the standard χPT graphs at this order. In χPTS the bottom four graphs—again with a
dressed σ propagator—are part of the LO amplitude if we consider the region s ∼M2σ .
Before calculating the amplitude for this process we first verify the Ward identity. This states
that the scattering amplitude µVµ for a process that includes an external photon with a polarization
µ and momentum k
µ gives zero when the polarization vector of the photon is replaced by its
10
momentum, i.e., kµVµ=0. This holds true for any number of external photons when the associated
polarization vectors are replaced by the corresponding momenta. The Ward identity for the upper
four standard χPT diagrams of Fig. 5 has been verified in Ref. [37]. Here we derive the Ward
identity for the bottom four graphs. The general form of the amplitude for these graphs can be
written as
iT = iV
(
i
s−m2S,r − 2f2p,rs2 − c21d,rΣ˜(s)
)(
i2c1d,r(s− 2m2pi)
F
)
, (14)
where V=Ve+Vf+Vg+Vh represents the σ-irreducible-vertex for γγ → σ graphs shown in Fig. 6
and the subscripts on each V indicate the corresponding diagram. If the vertex V obeys the Ward
identity then the entire amplitude will obey it.
Suppose k1µ and k2µ (1µ and 1µ) represent the four momenta (polarization vectors) of the
external photons of the graphs in Fig. 6 such that s=(k1µ+k2µ)
2. We can verify the Ward identity
by replacing either 1µ or 2µ. Here we do it for 1µ; the result for 2µ follows from (1←→2)
symmetry. Once the replacement 1µ → k1µ has been made, the amplitudes Ve–Vh are no longer
the same. We will call the results of the replacement the transformed amplitudes and label them
with a superscript W, i.e., VWe –VWh .
Figure 6: The diagrams that are represented by iV in Eq. (14).
The sum of the transformed amplitudes corresponding to Fig. 6(e) and Fig. 6(f) can be written
as:
iVWe + iVWf =
8c1d,re
2
F
(
− 2
d
)
2νk
ν
1
∫
d4q
(2pi)4
q2
[q2 −m2pi]2
, (15)
where d represents the dimension. Similarly, the sum of the transformed amplitudes corresponding
to Fig. 6(g) and Fig. 6(h) can be written as:
iVWg + iVWh =
8c1d,re
2
F
2νk
ν
1
∫
d4q
(2pi)4
1
q2 −m2pi
. (16)
Adding up all the transformed amplitudes, employing dimensional regularization, and using 1d '
1
4(1 +

4), we get, as → 0
iVW = 8c1d,re
2
F
(
− 1
2
)
2νk
ν
1
i(−m2pi)
(4pi)2
[
− 4

− 2 + 2γ − 2 ln
(
4piµ2
m2pi
)]
+
8c1d,re
2
F
2νk
ν
1
i(−m2pi)
(4pi)2
[
− 2

− 1 + γ − ln
(
4piµ2
m2pi
)]
= 0 . (17)
This verifies the Ward identity.
Turning now to the γγ → pi0pi0 cross section, the amplitude for the top four standard χPT
graphs of Fig. 5 is evaluated in Ref. [37] and here we simply recycle their results for that part of
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the amplitude. Then, the differential scattering cross section for the γγ → pi0pi0 process in χPTS
can be expressed in the CM frame as
dσ
dΩ
=
1
64pi2s
√
1− 4m
2
pi
s
〈|T |2〉 , (18)
where
〈|T |2〉 = 1
4
(
s2
2
+ sm2pi +m
4
pi
)(
|HχPT (s) +Hσ(s)|2
)
. (19)
The standard χPT and additional part of the amplitude that arise in χPTS (Hσ(s)) are:
HχPT (s) = − 1
8pi2
2e2
F 2
s−m2pi
s
{
1 +
m2pi
s
[
ln
(
x+
x−
)
− ipi
]2}
, (20)
and
Hσ(s) =
2c21d,re
2
F 2pi2
[
1
4s2
{
− 2m2pi(s+ 2m2pi log(m2pi)) +
1
3
(
18m2pis− 2s2 + 12m4pi log(m2pi)
+ 12m2pi(s− 2m2pi)
[
Li2
(
1
x+
)
+ Li2
(
1
x−
)])}
− 1
3
](
(s− 2m2pi)
s−m2S,r − 2f2p,rs2 − c21d,rΣ˜(s)
)
,
(21)
with x± given by
x± =
1
2
± 1
2
√
1− 4m
2
pi
s
. (22)
and Li2 representing the dilogarithm function.
In Fig. 7, the left graph shows the γγ → pi0pi0 cross section due to the lower four graphs of
Fig. 5, those that involve the σ-meson pole. The bump seen there is inherited by the result for the
total cross section represented by the dashed-dotted blue curve in the right panel, which has some
signal of the σ resonance near 400 MeV. This signal produces a good match between the LO χPTS
γγ → pi0pi0 cross section and that obtained in a Roy-equation treatment of this reaction (with one
subtraction) [27] up to
√
s ≈ 550 MeV. The latter is represented in Fig. 7 by the green band.
The cross-section data for γγ → pi0pi0 process have been measured by The Crystal Ball Collab-
oration and reported in Ref. [38]. They analyzed the e+e− → e+e−γ∗γ∗ → e+e−pi0pi0 reaction from
threshold to about 2 GeV to obtain the cross section. The paper reports that the pion detection
efficiency drops considerably for | cos θ| > 0.8, and therefore they have restricted their extraction
of the γγ → pi0pi0 cross section to the region | cos θ| ≤ 0.8. Since the differential cross section in
Eq. (18) is independent of the scattering angle, the total cross section in the region | cos θ| ≤ 0.8
for the γγ → pi0pi0 process can be written as
σ =
1
2
3.2pi
dσ
dΩ
,
where the factor of 1/2 accounts for the identicality of the final-state particles. The enhancement
that we attribute to the s-channel σ-meson pole is slightly visible in the data (red circles) from
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Figure 7: The γγ → pi0pi0 cross section as a function of the CM energy for | cos θ| ≤ 0.8, where θ
is the CM scattering angle. The dashed red curve in the left panel is the contribution from only
the bottom graphs of Fig. 5. Meanwhile the dotted purple curve in the right panel is the leading
contribution in χPT, i.e., the top graphs in Fig. 5. The dashed-dotted blue curve in the right panel
is the total combined result at LO in χPTS . Experimental data are from Ref. [38] (red circles)
and Ref. [39] (black squares). The green band represents the once-subtracted result obtained in
Ref. [27] from a dispersive Roy-equation analysis.
Ref. [38]. Our result for the total cross section agrees with this data to within 1.5 standard
deviations up to
√
s ≈ 550 MeV.
At higher energies our LO result and the Roy-equation result of Ref. [27] have very different
energy dependence. As already discussed in Sec. 4, the absence of pipi loop graphs means our LO
amplitude is not correct once the pipi phase shift becomes significant, and the energy dependence
obtained at LO in this theory is not a good match for the Roy-equation parameterization once√
s ≥ 600 MeV. This also means we cannot describe the higher-statistics, higher-energy data on
γγ → pi0pi0 obtained in Ref. [39]. Those data are represented by the black squares in Fig. 7.
Refs. [17, 18] obtained good agreement with the γγ → pi0pi0 and γγ → pi+pi− data, respectively.
However, they achieved this by adopting a σ-meson propagator
D(s) =
1
s−M2σ + iΓ(s)Mσ
, (23)
with Γ(s) =
(
s−s0
M2σ−s0
)1/2
Γ0 the energy-dependent width of the σ [18]. They then adjusted the σpipi
coupling that enters the numerator of the σ-pole diagram in γγ → pipi. But unitarity requires that
the σpipi coupling is the mechanism by which the width Γ is generated. Ametller and Talavera’s
approach to the two γγ → pipi reactions therefore corresponds to a pipi amplitude that is not unitary.
Finally, we examine the pion electromagnetic polarizabilities. The stiffness of a pion against
deformation by external electromagnetic fields is characterized by dipole and quadrupole polar-
izabilities. The Compton-scattering reaction γpi → γpi seems the obvious process from which to
extract these quantities, but they can be obtained from γγ → pipi as well, since the two reac-
tions are related by crossing symmetry. The (α1 − β1)pi0 difference of dipole and (α2 − β2)pi0
difference of quadrupole polarizabilities are defined [37] through the expansion of the amplitude
H(s)=HχPT (s)+Hσ(s) about s=0 as
1
4pimpi
H(s) = (α1 − β1)pi0 +
s
12
(α2 − β2)pi0 +O(s2) . (24)
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Our results for these polarizabilities are
(α1 − β1)pi0 = −
e2
192F 2pi3mpi
− e
2c21d,rmpi
12F 2pi3(m2S,r + c
2
1d,rΣ˜(0))
, (25)
(α2 − β2)pi0 =
13e2
240F 2pi3m3pi
+
13e2c21d,r
15F 2pi3mpi(m2S,r + c
2
1d,rΣ˜(0))
− e
2c21d,rmpi(1− c21d,rΣ˜′(0))
F 2pi3(m2S,r + c
2
1d,rΣ˜(0))
2
,(26)
where Σ˜′(0) = dΣ˜(s)ds
∣∣∣
s=0
is dimensionless. Note that the LEC f2p,r does not appear here, since it
only gives the s2 dependence of the inverse σ-meson propagator. Its value does, however, affect the
polarizabilities, since changes in f2p,r result in changes in c1d,r and mS,r so that the renormalization
conditions are maintained.
Table 1: The dipole and quadrupole polarizabilities in units of 10−4 fm3 and 10−4 fm5. The sec-
ond and third columns contain the standard χPT one-loop and two-loop results from Ref. [37]
and Ref. [40] respectively. The fourth column contains the results from dispersion-relation calcula-
tions [40] The last column is our χPTS result at one-loop.
Polarizabilities χPT to χPT to Disperson χPTS at
one-loop two-loop relation one-loop
(α1 − β1)pi0 -0.98[37] -1.9[40] -1.6[40] -1.1
(α2 − β2)pi0 20.37[37] 37.6[40] 39.7[40] 21.6
Using our values for c1d,r and mS,r we obtain the dipole and quadrupole polarizabilites presented
in Table 1. For comparison purposes, we have also presented the values from standard χPT one-
loop [O(p4)], two-loop [O(p6)], and dispersion-relation calculations. We see from Table 1 that
our calculation does capture some physics beyond the standard one-loop calculation, and seems
to incorporate some of the two-loop physics that gives large corrections to both (α1 − β1)pi0 and
(α2 − β2)pi0 . However, a calculation with f2p,r = 0 (and c1d,r re-adjusted to again reproduce the σ
width) bridges half the gap between the O(p4) and O(p6) polarizabilities. Of course, this is at the
cost of an unphysically large pipi and γγ → pipi cross section.
6 Conclusion
In this paper we have shown that an EFT in which standard χPT is augmented by the addition
of a light scalar field, worked out initially by Soto, Talavera, and Tarru´s in Ref. [16], provides a
consistent and accurate leading-order description of the σ-meson pole, the isoscalar pipi scattering
length, and the data for pipi scattering and γγ → pi0pi0 up to center-of-mass energies ≈ 500 MeV.
This obviates the need for the inconsistent treatment of the pipi amplitude in the latter reaction that
was adopted in Ref. [17]. We also found that the analytic result of Refs. [16, 19] for the σ-meson
width is too large by a factor of two.
We use a Dyson equation to resum the χPTS self-energy correction to the scalar-meson propa-
gator in the vicinity of the resonance. Hence our approach generates a pipi amplitude in the scalar
channel that is quite similar to that obtained in the inverse-amplitude method (IAM) [41, 42, 43].
The IAM constructs a unitary pipi amplitude which reproduces both the LO and NLO χPT results,
and (after suitable modification) respects the Adler zero in this channel. However, the IAM does
not include a modification to the σ propagator that has it behaving as s−2 for s far from the σ
pole. The EFT treatment we have adopted here shows that such behavior is, in fact, mandated by
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the divergence structure of the diagram that generates the leading contribution to the σ’s width in
the EFT. The fact that the σ propagator has this unusual off-shell dependence in turn allows the
σ to be quite a weak effect once one considers the real energies that are a significant distance from
the pole.
An interesting subject for future study would be to explicitly compare the pipi and γγ → pipi
amplitudes obtained in this work and in studies using Roy equations [44, 27] and the IAM [41].
By examining how these amplitudes behave as a function of s as one moves from the σ-meson
pole to the real axis where scattering is computed, and then to the sub-threshold region, one
could determine the extent to which the simpler amplitude computed here reproduces the features
obtained in these more sophisticated approaches. Our leading-order χPTS amplitude could also
be compared to the results of Refs. [45, 46], wherein a phenomenological pipi scattering amplitude
with good analyticity properties in the s-plane that matches the Roy-equation solution quite well
was obtained from the linear σ model and a simple background amplitude.
Lastly, we observe that the power counting in which our leading-order calculation was derived
has some issues if its accuracy is reviewed a posteriori. For example, the s-channel σ pole is
nominally the LO mechanism [O(p0)] for s ∼ M2σ . However, the results for pipi scattering show
that—after all the parameters are chosen—that s-channel σ pole is a fairly small correction to the
O(p2) χPT amplitude in this region. Of course, this is because the σ-meson pole has moved so
far from the real axis upon the inclusion of the the one-loop self energy. However, that significant
movement itself raises concerns, since the power counting employed here is for a narrow resonance,
where iΓ/2 is a perturbative correction to the tree-level mass. It is not clear if the physical σ meson
satisfies this criterion. Comparison of the EFT amplitude as a function of s with that found in
other approaches will help us understand this issue, since it will illuminate the extent to which the
s-dependence of the amplitude arises from the one-loop self-energy effect we have focused on here.
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